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Abstract: Studying noncompact manifolds with a flatness property, there is the notion of an asymptotically 
Euclidean manifold, and there is the notion of an asymptotically flat manifold which is defined in terms of 
curvature decay. Asymptotically Euclidean manifolds are asymptotically flat, but we shall see that in dimension 
4 there exists an asymptotically flat example that is not asymptotically Euclidean. 
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1. Introduction 
A noncompact manifold M” is asymptotically Euclidean (for a definition see e.g. [6,7]), if each 
end is diffeomorphic to an exterior domain in Ii%‘, if the difference between the pulled back metric 
and the Euclidean metric is of order o(t-‘> (t > 0), and if the first and second derivatives of the 
pulled back metric are of order o(t-‘-‘) and o(t-‘-2). Since the difference between the (4,0)- 
curvature tensors g( R(., .)., .) and ( Reucl(., -)., *) depends linearly on the second derivatives of the 
metric and quadratically on the first derivatives, the sectional curvature decay is of order o(t+-*). 
Conversely, we define asymptotically flat only by a decay condition on the sectional curva- 
ture. Manifolds with asymptotically nonnegative curvature have been introduced in [l]. In the 
same spirit, we call a complete, connected, noncompact manifold with a base point o E M 
asymptotically$at, if there exists a positive, decreasing function h with se” th(t) dt < 00 and 
lKlpl 6 hodist,(p) f or a 11 p E M. This definition is independent of the base point o. It is evident 
that h E o(tP2-‘) for a S > 0 implies the integral condition which in turn implies h E o(tw2). 
Hence asymptotically Euclidean manifolds are asymptoticallyjat. 
It is a result of Greene and Wu [4, Theorem 4 and 5 ] that a simply connected, asymptotically flat 
4-manifold is isometric to the Euclidean space, if it is of nonpositive or of nonnegative curvature 
and if vol B, (0) 2 cr3 for all r > 0. In particular, the ideal boundary [2,5] of such a 4-manifold 
is the standard 3-sphere S3. Here the condition on the sign of the curvature is essential as our main 
result will show. 
But actually Theorem 1.1 is most interesting in view of the very recent work of Greene, Petersen, 
and Zhu on asymptotically flat manifolds with rapid curvature decay [3]. If ]K] E o(r4-“) for 
some E > 0 and if one end ZVi of the manifold has finite fundamental group rr(Ni), then this end is 
asymptotically locally Euclidean except for the condition on second derivatives of the pulled back 
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metric. Furthermore, if the tangent bundle of Ni is nontrivial, they obtain the same conclusion using 
the weaker decay condition 1 K ) E o(t-*-“) for some E > 0. Note that S3 and S7 are parallelizable. 
Therefore, our result shows that at least for M = IR4 it is crucial to assume rapid curvature decay. 
Theorem 1.1. On B4 there exists a complete asymptotically Jlat metric g such that the ideal 
boundary of (rW4, g) is S* and vol B,(O) grows like r3. The complement of a s@iciently large ball 
in (rW4, g) admits a Riemannian submersion rt onto an exterior domain in W3 such that thefibres 
of n are circles of constant length and such that thejbre bundle is even topologically nontrivial. 
In fact, we can even construct g in such a way that its curvature decreases like rW3. This is the 
best possible decay rate that can be achieved with our construction. 
The Theorem shows that asymptotically flat manifolds are not necessarily asymptotically Eu- 
clidean, since the volume of a ball B,(p) in an asymptotically Euclidean manifold increases like 
volB~ = v01(S’-~) f r-“/n. In order to verify this we note that dist, and distepUC’, which are the 
distance functions of IF!” with the pulled back and the Euclidean metric, compare as follows: 
dik disty’(q) + cl < dist,(q) < G distT’(q) + c2 
for all q E R”\K where E > 0, cl, c2 are suitable constants and K c JR” is compact. In particular, 
there exist constants a, b > 0 such that B,“:’ (p) c B,(p) c B;?‘(p) for r sufficiently large, 
and therefore the desired volume growth follows directly from the definition of an asymptotically 
Euclidean metric. 
The idea of the construction is to consider a warped product metric gf,h on JR4 = ([0, 00) x 
S3)/({O} x S3) with different warping functions f, h for the Hopf direction and the orthogonal 
complement. In fact, we can classify the ideal boundaries: 
Theorem 1.2. Zf (rW4, gf,h) is asymptotically flat, then the ideal boundary can be S3 or S*. In 
both cases there exist nonflat examples. 
The first part of this theorem is proved in Section 3 and the examples are given in the last section. 
These examples also prove Theorem 1.1. 
We would like to point out that our construction only works in dimension 4. 
I wish to thank Uwe Abresch for posing the problem and for many helpful discussions. 
2. Curvature of W4 with a metric of Berger type 
We regard the Lie group S3 as a subgroup of the quatemion field W and identify the tangent space 
TiS3in1 E S3 ~WwithImW=Span{l,J,K},whereasusualZ~= J* = K*= -1andZJ = 
-JZ_= K. Let &, I!&, & E VS3 be the left invariant vector fields with &It = I, &It = J 
and H2li = K. A frame for the tangent bundle of (0, 00) x S3 is given by T I(t,t) := (1 11, 01~) and 
Hi I(,,)) := cr*I?;: 11 (i = 0, 1, 2), where t , : S3 + Iw4 = ([0, 00) x S3)/({O} x S3), 6 t+ (t, 6) is 
an immersion for any t > 0. Let dt, 00, 01, 02 be the dual frame and f, h : [0, 00) + [0, 00) 
be differentiable functions with f (0) = h(0) = 0, f I~o,~), hl(o,,) > 0 and f ‘(0) = h’(0) = 1. 
Then 
g := dt* + f *(t)C$ + h*(t)@ + h*(t)@; (1) 
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is a metric on E-X4 and M = (rW4, g) is a complete Riemannian manifold. Evidently T, 
f-‘Ho, h-‘H,, h- ’ HZ form a global orthonormal frame for T M(M\~o), t = distc and there- 
fore T = grad disk. Moreover, by construction the fields Ho, HI, H2 are Jacobi fields along any 
ray cc : t H (t, c), ij E S3 and the volume of the ball B,(O) is 
r 
vol B,(O) = 
JSJ 
detg( Hi 0~6, Hj occ)i,jdcdt = ~01s~ 
s 
rf(t)h2(t) dt. (2) 
0 s3 0 
Lemma 2.1. Up to the symmetries of the curvature tensor R, all its nonzero components are 
given by 
g(R(h-‘HI, h-’ H2)h-’ Hz, h-‘H,) = h-2(4 - h’2) - 3 f 2h-4, 
g(R(f-‘Ho, h-‘Hi)h-‘Hi, f-‘Ho) = f2hP4 - f-‘f’h-‘h’ fori = 1,2, 
g(R(h-‘HI, h-’ H2)f-l Ho, T) = 2g(R(f-’ Ho, h-’ H2)h-’ HI, T) 
= -2g(R(f-‘Ho, h-’ Hl)h-’ H2, T) 
= -2(fh-3h’ - f’h-2), 
g(R(T, f-‘Ho)f-‘Ho, T) = -f_lf”, 
g(R(T, h-‘Hi)h-‘Hi, T) = -h-‘h” for i = 1, 2. 
(3) 
(4) 
(5) 
(6) 
(7) 
Since U (2) acts isometrically on M, many components of the curvature tensor R vanish identically. 
The remaining components of R can be determined from the Gaul3 and Codazzi equations for the 
family ly (S3) of parallel hyperspheres. 
3. Classification of the ideal boundary 
Let f and h be functions of such a kind that M becomes asymptotically flat. The equations (6) 
and (7) guarantee the existence of f’(oo) := limr_,oc f’(t) and h’(oo) (compare [1, Lemma 2.11). 
There are only two possibilities for these limits. 
Lemma 3.1. If M is asymptoticallyflat, then 
(i) f’(oo) = 1 and h’(oo) = 1, or 
(ii) f’(oo) = 0 and h’(oo) = 2. 
Proof. We get lim t-’ f(t) = f’(oo) if lim f(t) = cm in accordance with l’Hospita1, otherwise 
with a direct argument. Now we distinguish between three cases 
(a) f’(m) # 0 # h’(oo), (b) h’(m) = 0, (c) f’(oo) = 0, h’(w) # 0. 
In the first case, the necessary decay condition 0 = lim,,, t2K(Ho A Hl)J(,.c, implies 
f’(oo)2h’(cx)-4 = 1; since 0 = limt2K(Hi A Hz)](~,~) we get h’(oo) = 1 = f’(oo). 
In the next case, 0 = limt2K(Hi A H )I 
0 = limt2K(Hu A H,)],,,~,. 
2 ct,cJ implies lim f(t)2h(t)-2 = 4. This contradicts 
In the last case, it follows from (3) that h’(co) = 2. Cl 
Our next concern is the geometry at infinity of these two types. Let 9X,, be the set of rays starting 
in p E M and&(a, v) := lim ,-_*oo dt(a rl S,(p), y n S,(p))/t for 0, y E X2,, where dt denotes 
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the inner metric of the distance sphere S,(p) induced by the metric of M. Two rays 0, y E X2, 
are equivalent, if &,(a, y) = 0. Thus 6, becomes an inner metric of a,/-. Kasue [5] showed 
that the ideal boundary of M with the Tits metric is (a,/-, 6,) in the case of asymptotically 
nonnegative manifolds. 
In our example, the end is diffeomorphic to (1, cm) x S3, and thus it is simply connected. 
Lemma 3.2. If M is asymptotically$at, then the end is simply connected and M(m) is either 
isometric to S3 or to S2. 
Proof. X, is isomorphic to S3. In case (i) of Lemma 3.1 (f’(oo) = 1 = h’(m)), we get 
M(W) = RP = S3 and M(oo) is the same as in the flat R4. But in the other case we have to 
identify the Hopf fibres, the orbits of the field Ho, because lim t-’ f(t) = f’(m) = 0. Therefore 
we have M(W) = S3/S1 = S2. q 
4. Examples 
Now we give functions f and h corresponding to the cases (i) and (ii) of Lemma 3.1 such that 
the metric g on M is asymptotically flat, but not flat. 
First let E > 0 and let f, h be functions which satisfy the usual conditions at r = 0 and which 
for r > 1 are given by f(r) = r exp(r-“) and h(r) = r. Then h(t) := sup{]ly(v, w)] ; u, w E 
T,M , dish(p) 2 t} is of order 0(t-2-E). Therefore we get a family of asymptotically flat, but 
nonflat manifolds with f’(oo) = 1 = h’(m) and M(oo) = S3. 
In the second case let be f, h functions which satisfy additionally f(r) = 1 and h(r) = 2r 
for all r > 1. Now vol B,. (0) grows like r3 and h is of order 0 (te3). So M is also asymptotically 
flat. But at this time we have f’(m) = 0 and h’(m) = 2, hence M(oo) = S2. Furthermore the 
length of a fibre of Ho in dist;‘({r}) is 2rrf(r) = 2rr for r 2 1. Therefore the Hopf fibration 
n : S3 + S2 extends to a Riemannian submersion 5 : M\ Bl(0) + IR3 \ Bl(0) such that the 
fibres are of constant length. This submersion induces an isometry M(oo) --t lR3(oo) of the ideal 
boundaries. 
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